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The orientational instability of a director in a planar flexoelectric nematic liquid crystal cell in a constant
electric field oriented perpendicular to the cell substrates is investigated. The easy axis on the surface of
one of the polymer substrates can change its orientation, which is due to the impact of the initial surface
orientation, liquid crystal, and electric field. The influence of the latter leads to the reorientation of the
elastic parts of the polymer molecules of the substrate, which is a consequence of the interaction of
intrinsic or induced dipole moments with the electric field. The corresponding contribution of such an
interaction to the surface free energy of the nematic is considered to be linear or quadratic in terms of
the electric field strength E. It is established that the orientational instability of the director has a thresh-
old in the case of quadratic effect of the electric field and is thresholdless if the effect is linear. The tem-
poral behavior of the director after the application of voltage with the subsequent transition of the
system to a stationary state and its return to the initial homogeneous state after switching off the voltage
is studied. The characteristic turn-on/off times of the system and the time of reaching the stationary state
are calculated and their dependence on the system parameters is investigated. The transmittance of the
nematic liquid crystal cell is calculated for a normally incident light.

� 2022 Elsevier B.V. All rights reserved.
1. Introduction

Intensive research in liquid crystal (LC) physics in recent dec-
ades has contributed to the rapid development of liquid crystal dis-
play technologies. The industrial application of LCs is closely
related to the possibility of relatively easy control of their orienta-
tion [1]. The latter significantly depends on the geometric shape of
a substrate surface and the conditions for a director on it [2–5],
namely, on an anchoring energy, the direction of an easy axis, etc.

It turns out that for certain conditions the characteristic time of
director reorientation on the bounding surface of LC can signifi-
cantly exceed the one of bulk deformations. This effect can be
related to the gliding of the first monolayer of LC on the substrate
surface, such as observed in lyotropic LC in a magnetic field [6] and
thermotropic nematic liquid crystal (NLC) in the electric field [7].
Another reason is the possibility for the easy axis of a director on
a polymer substrate to change its orientation in a low-frequency
magnetic or electric field. Several mechanisms can explain such a
gliding of the easy axis.
The easy axis gliding in a surface plane (azimuthal direction) of
a polymer substrate of NLC cell in the presence of electric [8] and
magnetic [9] fields, according to the authors, is due to the interac-
tion of molecules of the LC with elastic fragments of polymer mole-
cules. This mechanism was used for an explanation of the easy axis
gliding in the presence of electric field also in the direction (polar)
perpendicular to the substrate of NLC cell [10,11].

Another explanation for the reorientation of an easy axis is
associated with adsorption of NLC molecules on the surface of a
polymer substrate. The orienting effect of an external field, e.g.
electric, leads to the rotation of the NLC molecules adsorbed on
the surface. As a consequence, it causes the reorientation of an easy
axis both in azimuthal [12–16] and polar [17] directions. The
required external field and characteristic times of easy axis gliding
are several orders of magnitude larger when an adsorption of NLC
molecules on a substrate surface takes place. Due to the phe-
nomenon of adsorption, the gliding of the easy axis in the azi-
muthal direction of the substrate surface, however, under the
action of only the mechanical moment in the absence of external
fields was experimentally studied in [18].

The change of an easy axis orientation on the surface of a poly-
mer substrate in electric field can be caused by reorientation of the
elastic parts of the polymer molecules due to the interaction of
their intrinsic or induced dipole moments with the electric field

http://crossmark.crossref.org/dialog/?doi=10.1016/j.molliq.2022.119888&domain=pdf
https://doi.org/10.1016/j.molliq.2022.119888
mailto:lesyuk.andrey@gmail.com
https://doi.org/10.1016/j.molliq.2022.119888
http://www.sciencedirect.com/science/journal/01677322
http://www.elsevier.com/locate/molliq
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[19]. Such a mechanism explained the induction of orientational
anisotropy by electric field on the surface of the electrosensitive
polymer in [20]. Within this model of easy axis gliding on the sub-
strate surface, we investigated the effect of this phenomenon on
the electric field-induced homeotropic-to-planar [21,22] and
planar-to-planar [23,24] reorientations of a director in a NLC cell.
However, in [21–24] the flexoelectric properties of NLC were not
taken into account.

In this paper, the orientation instability of a director in a planar
cell of a flexoelectric NLC in a constant electric field oriented per-
pendicular to the cell plane is theoretically studied. The direction
of an easy axis can change on the surface of one of polymer sub-
strates due to the impact of the initial surface orientation, liquid
crystal and electric field. It is established that, depending on the
nature of the influence of electric field on the movable easy axis,
the orientation instability of a director can have a threshold behav-
ior or either be thresholdless. The temporal behavior of a director
field in the NLC bulk after switching on the electric field with the
subsequent transition of the system to a stationary state and its
return to the initial homogeneous state after switching off the volt-
age is considered. The influence of the system parameters, in par-
ticular, flexoelectric coefficients of the nematic on this behavior is
studied. The time of the system transition to the stationary state
and characteristic turn-on/off times are calculated and their
dependence on the system parameters is investigated. The trans-
mittance of the NLC cell is calculated for a normally incident light.

The conducted theoretical research expands the understanding
of electrically induced reorientation of a NLC cell with electric
field-changeable surface conditions on substrates.

2. NLC free energy and equations for the director

We consider a plane cell of flexoelectric NLC bounded by planes
z ¼ 0 and z ¼ L, with the initial planar director orientation along
the 0x axis. A constant potential difference U between cell sub-
strates induces a constant electric field E along Oz in the bulk of
NLC. The anchoring of NLC with the surface z ¼ 0 of the lower sub-
strate is taken to be infinitely strong. The easy axis s of director ori-
entation on the surface z ¼ L of the upper polymer substrate can
change its orientation in the direction perpendicular to the sub-
strate due to the influence of the electric field [10,11]. We investi-
gate the director field reorientation with the impact of the easy
axis deviation on it.

The free energy of the NLC cell can be written in the form

F ¼ Fel þ FE þ FS; ð1Þ

Fel ¼ 1
2

Z
V

K1ðdivnÞ2 þ K2ðn � rotnÞ2 þ K3½n� rotn�2
n o

dV ;

FE ¼
Z
V

� e0
2
EêE� PE

� �
dV ;

FS ¼ �W
2

Z
S
ðsnÞ2 dS�W0

2

Z
S
ðss0Þ2 dSþ FSE; FSE

¼ � a
m

Z
S

sEð Þm dS;

where W > 0;W0 > 0; S ¼ Sz¼L;a > 0;m ¼ 1 or 2.
Here Fel is the elastic energy of a NLC, FE encompasses the ani-

sotropic and flexoelectric contributions to the free energy from the
interaction of a NLC with the electric field, FS denotes the surface
free energy of a NLC, K1;K2;K3 are the NLC elastic constants, n is

a director, ê ¼ e?1̂þ ean� n, ea ¼ ek � e? > 0 are tensor and aniso-
tropy of the static permittivity of NLC,
2

P ¼ e1ndivn� e3½n� rotn�; e1; e3 denote the vector of flexoelectric
polarization and flexoelectric coefficients of the NLC, W is an
anchoring energy between director n and the easy axis s on the
surface z ¼ L;W0 is an anchoring energy of the easy axis s with
an initial surface orientation s0 along the Ox direction, a is the
parameter of a coupling between the electric field E and the gliding
easy axis s.

The surface free energy FS in (1) contains the contributions from
interactions of the gliding easy axis s on the upper polymer sub-
strate with the initial surface orientation s0 and the director n.
Both are written in the form of Rapini potential. FS also takes into
account the term FSE describing the impact of electric field E on the
orientation of the gliding easy axis s, which arises due to the action
of electric field on dipole moments of the elastic fragments of the
polymer molecules. The corresponding contribution FSE is consid-
ered to be linear (m ¼ 1 in FSE) or quadratic (m ¼ 2) in electric field
E, depending on whether the electric dipole moments of the elastic
fragments are intrinsic or induced by the field.

We consider plane deformations of the director field of NLC
[10,11], lying in the xOz plane. Due to homogeneity of the system
in the Oy direction, director in the bulk and the gliding easy axis
on the surface z ¼ L have the following form

n ¼ cos h;0; sin hð Þ; s ¼ cosw;0; sinwð Þ; ð2Þ
where hðz; tÞ;wðtÞ are the angles of deviation of the director and the
gliding easy axis from their initial orientation along Ox.

The equations for director must be solved together with the
equations for an electric field in the nematic bulk. As follows from
the equation rotE ¼ 0, the electric field in the bulk has a form
E ¼ 0;0; EzðzÞð Þ. Then, according to the equation divD ¼ 0 a Dz

component of the electric induction is constant and equals

Dz ¼ e0ezzEz þ e
2
h0z sin 2h; ð3Þ

where ezz ¼ e? þ ea sin2 h; e ¼ e1 þ e3. Here and further, the primes
denote the derivatives with respect to the corresponding argu-
ments. Taking (3) into account, the potential difference between
the cell substrates is equal to

U ¼
Z L

0
Ez dz ¼ Dz

Z L

0

dz
e0ezz

� e
2e0ea

ln 1þ ea
e?

sin2 hL

� �
; ð4Þ

where hL ¼ hðz ¼ LÞ is the angle of director deviation on the surface
of the upper substrate.

The free energy per unit area of the cell surface (1) takes the
form

F ¼ 1
2

R L
0 K1 sin

2 hþ K3 cos2 h
� �

h0 2z � e0ezz
2 E2

z � e
2 Ezh0z sin 2h

h i
dz�

�W
2 cos2ðhL � wÞ � W0

2 cos2 w� a
m Ez sinwð Þmz¼L;

ð5Þ
where the Ez component is determined by (3).

Minimizing the free energy (5) with respect to angles h and w,
we obtain the equation

K1 cos2 h
� þK3 sin

2 h
�
h00zz þ 1

2 ðK3 � K1Þh0 2z sin 2hþ eaD2
z sin 2h

2e0e2zz
�

� e2
4e0ezz

ea
2ezz h0 2z sin3 2h� h0 2z sin 4h� h00zz sin2 2h

� �
¼ gvh0t

ð6Þ
and the boundary conditions

hjz¼0 ¼ 0; ð7Þ

K1 cos2 hþ K3 sin
2 h

� �
h0z � e

2
Ez sin 2hþW

2
sin2ðh� wÞ

� �
z¼L

¼ 0; ð8Þ
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W
2

sin2ðh� wÞ �W0

2
sin 2wþ aEm

z cosw sinm�1 w

� �
z¼L

¼ gsw0t; ð9Þ

where gv ;gs are the coefficients of the NLC volume viscosity and the
viscosity of the gliding easy axis, respectively, m ¼ 1 or 2. Eq. (6)
determines the temporal behavior of director in the bulk. The tor-
que of viscosity forces in the right side of Eq. (6) is balanced by
the sum of the torques of elastic forces and an electric field
[1,25,26]. The sum is defined by variation �dF=dh. Eq. (9) describes
the reorientation of the gliding easy axis. In the right side of the
equation the torque of viscosity forces [14] is balanced by the
sum of elastic torques from subsurface layer of NLC (proportional
to W) and initial surface orientation (proportional to W0) and elec-
tric field torque. The sum is defined by variation �dF=dw.

For the case of an arbitrary value of the applied voltage U the
deviation angles of the director hðz; tÞ and of the easy axis wðtÞ
can be found only numerically solving the Eq. (6) with the bound-
ary conditions (7)–(9).

3. Linear coupling between the easy axis and the electric field

Let the elastic fragments of the molecules of the upper polymer
substrate have intrinsic dipole moments. The easy axis s corre-
sponds to the predominant orientation of the director on the
z ¼ L surface. In this case, the contribution from the interaction
between the easy axis s and the electric field E to the surface free
energy is linear in the electric field (m ¼ 1 in FSE(1)). It should be
noted that the a coefficient in FSE has the meaning of polarization
per unit area of the substrate.

After the voltage U is switched on and until the system reaches
the stationary state, the temporal behavior of the director and the
gliding easy axis is determined by the applied voltage and the NLC
cell parameters. Fig. 1 illustrates the angle h of the director devia-
tion within of the cell thickness, calculated at different moments of
time during the transition of the system to the stationary state. The
calculations were performed using the following typical NLC
parameter values[27]: K1 ¼ 6pN, K3 ¼ 10pN, L = 10 lm at the
physical assumption W0 � W (w0 � w for dimensionless anchor-
ing energies w0 ¼ W0L=K1 and w ¼ WL=K1) due to the stronger
anchoring of the easy axis with the initial surface orientation than
director with the easy axis [16]. According to calculations, at the
first moments of time after switching on the voltage the gliding
easy axis at z ¼ L deviates faster than the director of the near-
surface layer. The latter follows the rotation of the easy axis, so that
Fig. 1. Temporal behavior of the director angle within the cell for the first 30 s after
the turning on the voltage with a time step of 1 s. U ¼ 1 V, e ¼ 17pC=m,
w ¼ 10;w0 ¼ 100;a ¼ 266pC=m;gv ¼ 0:1 Pa�s [1], gs ¼ 10�4 Pa�m�s [14].

3

w P hL. The dependence of the director angle h on the coordinate z
is practically linear. This behavior of the system is due to the influ-
ence of the electric field on the gliding easy axis. However, a fur-
ther increase in the value of the angle w of the easy axis slows
down due to its interaction with the initial surface orientation.
The easy axis starts to lag behind the director in the near-surface
layer, w 6 hL. The largest deformations of the director field are
shifted from the surface into the bulk of NLC. For small voltage U
we can implement the approximation of small angles and describe
the behavior of the system by the linearized with respect to the h
and w Eq. (6)

h00nn þ u2h ¼ h0s ð10Þ
and boundary conditions (7)–(9)

hjn¼0 ¼ 0; ð11Þ

h0n þwðh� wÞ � ~euh½ �n¼1 ¼ 0; ð12Þ

wðh� wÞ �w0wþ ~au½ �n¼1 ¼ cw0s: ð13Þ
Here we use the dimensionless coordinate n ¼ z=L, time
s ¼ tK1=ðgvL2Þ, relative viscosity c ¼ gs=ðgvLÞ, coupling parameter
~a ¼ a=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0eaK1

p
, flexoelectric constant ~e ¼ e=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0eaK1

p
, voltage

u ¼ pU=U1
th , where U1

th ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K1=e0ea

p
is the Fréedericksz transition

at w ! 1 without the easy axis gliding.
Because of cumbersomeness of obtaining the solution of the Eq.

(10) which satisfies the boundary conditions (11)–(13), the
detailed derivation is given in the Appendix. In approximation of
c� 1 [14], accounting only for the first-order terms in 1=c, the
temporal dependencies of the angles of the director and the gliding
easy axis reorientation has the following form:

hðn; sÞ � n ~auw
ðwþw0Þð1�~euÞþww0

1� e�s=son
� 


;

wðsÞ � ~auson
c 1� e�s=son

� 

;

ð14Þ

where

son ¼ cð1þw� ~euÞ
ðwþw0Þð1� ~euÞ þww0

ð15Þ

has the meaning of the dimentionless characteristic turn-on time of
the system and it was implemented here similarly to linear analysis
of director dynamics given in [1]. The solutions show that the orien-
tational instability of the NLC has no threshold. At arbitrary values
of the applied voltage, there are increasing in time deviations of the
director and the easy axis in the system.

The characteristic turn-on time son increases with increasing
sum e of the flexoelectric coefficients of NLC, relative viscosity
coefficient c and with decreasing anchoring energies w and w0.
Increasing the applied voltage u leads to an increase of son in the
case of positive values of e and its decrease for e < 0, respectively.
The characteristic turn-on time son practically does not depend on
the coupling parameter a.

Fig. 2a shows the dependencies of the time ssat of the system
entering the stationary state on the anchoring energy w, calculated
at different values of the coupling parameter a. It should be noticed
that the values of time parameters ssat and son do not match. Here,
ssat determines the duration of the transition process after turning
on voltage till the establishing the stationary state in a NLC cell in
general case of arbitrary deformations of director field. At the same
time, son is defined in the solution (14) of equation and boundary
conditions (10)–(13) linearized with respect to angles h and w. As
one can see, with the exception of the region of weak coupling
wK1, the time ssat increases monotonically with increasing w
and in the region of strong anchoring wJ10 it reaches a constant
value depending on values of the parameter a. This behavior ssat



Fig. 2. Dependence of the characteristic time ssat of reaching the stationary state on the anchoring energy w (a) and the coupling parameter ~a (b). U ¼ 0:72 V. (a) ~a ¼ 0:1 (1),
0.5 (2), 1 (3); (b) w ¼ 1 (1), 5 (2), 10 (3).
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is fully consistent with the dependence sonðwÞ (15) in the range of
w � 1. It should be noted that with increasing anchoring energy,
the impact of the easy axis gliding on the dynamics of the director
becomes more noticeable, namely, the time required for the sys-
tem to reach a stationary state increases. On the other hand, when
the anchoring is weak, the impact of the gliding on the director
reorientation decreases and, consequently, the system reaches
the stationary state faster. In the range of w 	 1 a slight decrease
of ssat is observed. This is a consequence of the non-monotonic
temporal behavior of the residual deformations of the director field
after its relatively rapid reorientation by the electric field. It is
caused by the inertia of the gliding easy axis at a relatively large
value of the surface viscosity gs � gvL and relatively weak anchor-
ing of director with the easy axis.

As the coupling parameter a increase, the transition of the sys-
tem to the stationary state accelerates for all values of the anchor-
ing energy w (see Fig. 2b). This is due to the increasing impact of
the electric field on the easy axis. Note that increasing the relative
viscosity c of the gliding easy axis slows down the entry of the sys-
tem into a stationary state.

In the stationary state, the deformations of the director field, as
calculations show, significantly depend on the sum e of the flexo-
electric coefficients of NLC. The calculated distributions of the
angle h of the director deviation within the cell at different values
of the sum e are shown in Fig. 3a. In the stationary state, the largest
deformations of the director field can occur both in the bulk of NLC
as well as near the surface with the gliding easy axis, which
depends on the value of e. This behavior of the deformations in
the electric field is due to the combined effect of the gliding easy
axis and flexopolarization on the director. In particular, at negative
values of e, the influence of flexopolarization and the gliding easy
axis on the reorientation of the director is mutually opposite. That
is, the presence of flexopolarization leads to a decrease of the
deformations of the director field, while the influence of the elec-
tric field on the movable easy axis on the contrary increases them.
In general, a decrease of the parameter e in the region of its nega-
tive values leads to a decrease of the director field deformations in
comparison with the case of NLC without flexoelectric properties.
4

In this case, the largest deviations of the director angle h always
occur in the volume of NLC, so that hL P w. At positive values of
e, the flexopolarization enhances the effect of the gliding easy axis
on the orientational instability increasing the deformation of the
director field. Thus, an increase of e towards its positive values
leads to an increase of the deformations in comparison to the case
of e ¼ 0. Accordingly, the position of the maximum deviations of
the angle h of the director gradually shifts from the volume of
NLC towards the surface with a gliding easy axis. If the largest
deformations of the director field is in the near-surface layer of
NLC, then hL 6 w.

Fig. 3b shows the stationary distributions of the angle h of the
deviation of the director across the cell at several values of the cou-
pling parameter a. As the parameter a increases, the director field
deformations increase. This behavior of the system is expected and
is due to the increasing influence of the electric field on both the
director of the liquid crystal and the gliding easy axis. In general,
an increase in the voltage U and a decrease of the anchoring energy
w leads to an increase of the director field deformations in the bulk.

Further, we calculate the transmittance of the NLC cell for a
plane monochromatic light wave with frequency x and intensity
I0 in the case of its normal incidence on the cell substrates. We
assume that the NLC cell is in a stationary state, and the light wave
does not change the spatial distribution of the director field.
According to the Malus’s law, the transmission coefficient of light
passing through a cell placed between crossed polarizers has the
form

T ¼ I=I0 ¼ sin 2b sin2 ðDU=2Þ; ð16Þ
where I0 is the intensity of incident light, b is the angle between the
plane of polarization of the polarizer and the plane of reorientation
of the director, DU is the phase difference between ordinary and
extraordinary rays at the outlet of the NLC cell [27]:

DU ¼ 2p
k

Z L

0
½neðzÞ � no�dz; ð17Þ

where no ¼
ffiffiffiffiffiffi
ex?

p
and ne denotes a refractive indexes for ordinary

and extraordinary rays:



Fig. 3. Stationary dependencies of the director angle h within the cell. U ¼ 0:72 V, w ¼ 10;w0 ¼ 100. (a) ~a ¼ 1 at different values of e½pC=m�; (b) e ¼ �17pC=m for different
values of ~a.
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neðzÞ ¼
ffiffiffiffiffiffi
ex?

p ffiffiffiffiffiffi
exk

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ex? cos2 hðzÞ þ exk sin2 hðzÞ

q : ð18Þ

Here ex? and exk are permittivities of NLC in perpendicular and par-
allel direction to an optical axis, respectively, for a light wave with
frequency x [27].

The dependence of the light transmittance T on the value of the
applied voltage U is shown in Fig. 4a at several values of the cou-
pling parameter a between the electric field and the gliding easy
axis. As follows from the above dependencies, the presence of cou-
pling between the electric field and the gliding easy axis signifi-
cantly changes the nature of the orientational instability of the
director in the NLC cell volume. Thus, in the case of the absence
of the influence of the electric field on the gliding easy axis (param-
Fig. 4. Light transmittance T of the NLC cell as a function of applied voltage U for the light
(5); (b) ~a ¼ 1;w ¼ 50;w0 ¼ 100: linear (1) and quadratic (2) coupling between the elect

5

eter a ¼ 0), the orientational instability has a threshold. Whereas
the presence of such an influence (a– 0) makes the orientational
instability thresholdless. In general, the ability of the easy axis to
glide accelerates the transition of the system to a stationary state.

Fig. 4b shows the dependence of the light transmittance T on
the value of the applied voltage U for different types of boundary
conditions for the director on the upper substrate of the cell. Note
that after the system transitions from the initial homogeneous
state to inhomogeneous under the influence of the electric field E
the possibility of easy axis gliding practically does not change
the qualitative nature of the dependence TðUÞ.

Further, we consider the relaxation of the system from the sta-
tionary state, maintained by the voltage U, to the initial homoge-
neous state after the voltage is turned off. In the approximation
of small angles h and w the relaxation of the system can be
wave with k ¼ 532 nm [28]. (a) w ¼ 10;w0 ¼ 100. ~a ¼ 0:1 (1), 0.5 (2), 1 (3), 2 (4), 5
ric field and the easy axis; (3) ~a ¼ 0;w ¼ 50; (4) ~a ¼ 0;w ! 1.
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described by linearized Eqs. (10) and boundary conditions (11)–
(13) with u ¼ 0. At the approximation s! þ1 solution of the lin-
earized problem gives the values of the angles of the director and
the gliding easy axis, respectively

hðn; sÞ ¼
X1
n¼1

Ane�,
2
ns sin,nn;

wðsÞ ¼
X1
n¼1

An,n
c,2

n�w0
e�,

2
ns cos,nn;

ð19Þ

where An are the integration constants, ,n denote the positive roots
of the equation

, ¼ ,
c,2 �w0

� ,
w
: ð20Þ

As follows from (19), the dimentionless characteristic turn-off time
of the system is determined by the slowest decaying mode with
n ¼ 1 and is equal to soff ¼ ,�2

1 .
Evidently, the turn-off time soff does not depend on the values

of the coupling parameter a and the flexoelectric coefficients of
NLC. However, the possibility of the easy axis gliding leads to an
increase of the turn-off time soff compared to the absence of such
gliding. The value of soff increases with decreasing anchoring ener-
giesw andw0. This is due to the weakening of the interaction of the
easy axis with the director and the initial surface orientation,
respectively. Increasing the values of the viscosity parameter c
leads to an increase of relaxation time soff .
4. Quadratic coupling between the easy axis and the electric
field

Let the dipole moments of the elastic parts of the molecules of
the upper polymer substrate of the cell be induced by the electric
field. Then, the contribution to the surface free energy FS of NLC
from the interaction of the gliding easy axis on the substrate with
the electric field is quadratic in E (m ¼ 2 in FSE (1)). Minimization of
free energy (5) with respect to the h and w angles leads to the Eq.
(6) and boundary conditions (7)–(9), in which m ¼ 2. In the
approximation of small h and w angles the behavior of the system
is described by the linearized Eq. (10), boundary conditions (11),
(12) and the condition

wðh� wÞ �w0wþ ~au2w
� �

n¼1 ¼ cw0s; where ~a

¼ a=ðe0eaLÞ: ð21Þ

Requiring the solution of the Eq. (10) to satisfy the boundary condi-
tions (11), (12) and (21), we obtain the following values of the
angles of the director and the gliding easy axis

hðn; sÞ ¼
X1
n¼1

An sinðknnÞeCns; ð22Þ

wðsÞ ¼
X1
n¼1

An

w
kn cos kn þ ðw� ~euÞ sin knð ÞeCns; ð23Þ

where An are the integration constants, Cn ¼ u2 � k2n; kn denote the
positive roots of the equation

k ¼ k cðu2 � k2Þ þwþw0 � ~au2
� 


w2 � ðw� ~euÞ cðu2 � k2Þ þwþw0 � ~au2
� 
 : ð24Þ

As follows from the solutions (22) and (23), if at least one of the val-
ues Cn > 0, then the spatial perturbations of the director field of
sin knn type grow exponentially in time in the bulk of the nematic.
Orientational instability of NLC has a threshold. The value of the
6

threshold is determined by the condition C1 ¼ 0 and is correspond-
ing to the smallest positive solution of the equation

u ¼ uðwþw0 � ~au2Þ
w2 þ ð~eu�wÞðwþw0 � ~au2Þ : ð25Þ

The dependence of the threshold Uth of Fréedericksz transition on
the anchoring energy w, found from the Eq. (25), is shown in
Fig. 5a for different values of the sum e of flexoelectric coefficients
of NLC. Generally, the threshold Uth increases with increasingw, and
in the case of strong anchoring wJ10 tends to a constant value. The
latter is achieved faster by decreasing the parameter e. For negative
e < 0, the threshold Uth weakly depends on the changes of w start-
ing from wJ5. Positive value of e leads to a decrease of the thresh-
old Uth, while negative value of e leads, on the contrary, to its
increase compared to the case e ¼ 0 of the absence of flexoelectric
properties of NLC (see Fig. 5a). In general, increasing of e leads to
a decrease of Uth for arbitrary values of the coupling parameter a
and the anchoring energy w. Note that in the approximation of
w0 � w the threshold Uth weakly depends on the coupling parame-
ter a.

Fig. 5b shows the dependence of Uth at the sum of flexoelectric
coefficients e of NLC for several values of the anchoring energy w.
In the case of absence of flexoelectric properties of NLC (e ¼ 0) and
for w � 0, the threshold Uth approaches its value 0:5U1

th . The latter
corresponds to the absence of anchoring of NLC with the z ¼ L sur-
face of the upper substrate. Note that the threshold Uth is more
sensitive to changes of the value of the anchoring energy w at pos-
itive values of the sum of flexoelectric coefficients e in comparison
to the case of e < 0.

In the case of voltage U slightly exceeding the threshold value
Uth, the values of the angles h and w can be considered small and
are determined by the strongest mode with n ¼ 1 in the expres-
sions (22) and (23) respectively. Higher modes can be neglected
due to their smallness. This allows us to determine the character-
istic turn-on time of the system

son ¼ 1
ð1� rÞðu2 � u2

thÞ
; ð26Þ

where

r ¼ AuthþC
B3u3thþB2u2thþB1uthþC

;

A ¼ 2ðq0 � 1Þ2ðc� ~aÞ; C ¼ �~eðqq0 � 1Þ2;
B1 ¼ ðq2 � ~aqþ ~e2q2 þ 2cÞq2

0 � ð2~e2qþ 2qþ 4c
�~aÞq0 þ 2cþ ~e2 þ 1;

B2 ¼ 2~e~aq0ðqq0 � 1Þ; B3 ¼ ~a2q2
0;

q ¼ 1� ~au2
th=w; q0 ¼ 1� ~au2

th=w0:

In contrast to the case of linear coupling between the electric field
and the gliding easy axis, the characteristic turn-on time son
decreases with increasing of the applied voltage u (where u > uth),
the relative viscosity coefficient c, the sum e of the flexoelectric
coefficients and with decreasing of the anchoring energy w0.
Increasing the values of w leads to an increase of the son in the case
of e > 0 and its decrease if e < 0. Note that when the voltage u
approaches the threshold value uth the characteristic times son
and ssat of the transition to a stationary state increase significantly

because son 	 ðu2 � u2
thÞ

�1.
Calculations show that the temporal behavior of the angles h of

the director and w of the gliding easy axis after the voltage is
switched on with the subsequent transition of the system to a sta-
tionary state is qualitatively similar to the case of linear electric
field coupling with the gliding easy axis (see Fig. 1). Note that
the coupling of the easy axis with electric field does not change
the character of the dependence of the light transmittance coeffi-



Fig. 5. Dependencies of the threshold Uth of the Fréedericksz transition on the anchoring energy w (a) and the sum e of flexocoefficients of NLC (b). w0 ¼ 200; ~a ¼ 1. (a)
e ¼ �51 (1), �34 (2), �17 (3), 0 (4), 17 (5), 34 (6), 51 (7)pC/m; (b) w ¼ 0 (1), 2 (2), 4 (3), 6 (4), 8 (5), 10 (6).

I. Yakovkin, A. Lesiuk, M. Ledney et al. Journal of Molecular Liquids 363 (2022) 119888
cient T on the voltage U after the system transitions from the initial
homogeneous to the inhomogeneous state (see Fig. 4b).

The relaxation of the system from the stationary state to the ini-
tial homogeneous state after the voltage is switched off evidently
does not depend on the nature of the coupling of the electric field
and the gliding easy axis. The characteristic switch-off time soff is
equal to that of the linear coupling case.
5. Conclusions

The induced by the electric field reorientation of the director
from the planar state to the homeotropic state in the cell of the
flexoelectric NLC was studied theoretically. The possibility of glid-
ing of the easy axis on the surface of one of the cell substrates in
the direction perpendicular to the substrate was taken into
account. In the proposed model the easy axis is simultaneously
affected by the liquid crystal, the electric field, and the initial sur-
face orientation. The contribution from the influence of the electric
field on the easy axis to the surface free energy density of the
nematic is considered to be linear or quadratic in E according to
whether the dipole moments of the elastic parts of the polymer
substrate molecules are intrinsic or induced by the electric field.

In the considered geometry of the problem, the electric field
simultaneously destabilizes the initial orientation of both the
director and the gliding easy axis. Under the linear in E coupling
of the electric field with the easy axis, the orientational instability
of NLC is thresholdless. After switching on the voltage, the tempo-
ral behavior of the system is determined by the applied voltage and
physical properties of NLC, flexoelectric in particular. The value of
the characteristic turn-on time son decreases with decreasing sum
e of flexoelectric coefficients of NLC, relative viscosity coefficient c
and with increasing values of anchoring energies w and w0. An
increase of the applied voltage U leads to an increase of the turn-
on time son in the case of the positive e and to a decrease in son
for e < 0, respectively.

In the stationary state, the largest deviations of the director can
be both in NLC bulk and near the surface with a gliding easy axis,
depending on the sum e of the flexoelectric coefficients. Decreasing
e in the case of its negative values leads to a decrease of the defor-
mations of the director field in comparison with the case of the
absence of flexoelectric properties of NLC. In this case, the largest
deformations of the director field are achieved in the volume of
7

NLC. However, increasing the parameter e in the case of its positive
values leads to an increase of the deformations of the director field
in comparison with the case of e ¼ 0. As a result, the maximum
deviations of the director angle are shifted toward the surface with
a gliding easy axis.

If the coupling between the electric field and the gliding easy
axis is quadratic in the field strength E, then the orientational
instability of the NLC has a threshold. Compared with the absence
of flexoelectric properties of NLC, positive values of the flexoelec-
tric coefficient e lead to a decrease in the value of the threshold
Uth, and negative, on the contrary, to its increase. In general, an
increase of e leads to a decrease of the threshold Uth for arbitrary
values of the coupling parameter a and the anchoring energy w.
In this case, the characteristic turn-on time son decreases with
increasing the applied voltage U (where U > Uth), the relative vis-
cosity coefficient c, flexoelectric parameter e and with decreasing
value of anchoring energy w0. Note that increasing anchoring
energy w leads to an increase of the turn-on time son in the case
of e > 0 and its decrease for e < 0.

The relaxation of the system from a stationary state to the ini-
tial homogeneous state after switching off the voltage does not
depend on the coupling type of the electric field and the movable
easy axis. When the voltage is switched off, quite quickly, in com-
parison with the time of full relaxation, almost linear dependence
of the director deviation angle on the coordinate across the cell is
established. Throughout the relaxation, the largest deviations of
the director occur near the surface with a gliding easy axis. In gen-
eral, the director returns to the initial homogeneous state faster,
pulling the easy axis behind.

For both coupling types between the easy axis and the electric
field, the characteristic turn-off time soff of the system is the same
and independent of the coupling parameter a and the sum e of flex-
oelectric coefficients of NLC. The soff decreases with decreasing
value of viscosity parameter c and with increasing anchoring ener-
gies w and w0.
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Appendix A

Excluding hðn ¼ 1; sÞ from (12), we introduce a function

f ðn; sÞ ¼ hðn; sÞ þ ngðsÞ; where gðsÞ
¼ ð1� ~eu=wÞðcw0s � ~auþw0wÞ � ~euw: ðA:1Þ

The latter, as follows from (10)–(13), satisfies the equation

f 00nn þ u2f ¼ f 0s � nðg0s � u2gÞ ðA:2Þ
and homogeneous boundary conditions

f ðn ¼ 0; sÞ ¼ f 0nðn ¼ 1; sÞ ¼ 0: ðA:3Þ
The solution of the Eq. (A.2), which satisfies the conditions (A.3), we
write in the form

f ðn; sÞ ¼
X1
n¼0

f nðsÞ sin pðnþ 1=2Þn½ �; ðA:4Þ

where f nðsÞ are the unknown coefficients. Substituting the expan-
sion (A.4) in the Eq. (A.2) and using the linear independence of
the functions sin pðnþ 1=2Þn½ � on ½0;1�, we obtain the equation for
the coefficients f nðsÞ:
dfn
ds

þ p2ðnþ 1=2Þ2 � u2
� �

f n ¼ 2ð�1Þn
p2ðnþ 1=2Þ2

g0
s � u2g

� 

; where n ¼ 0;1;2; . . . : ðA:5Þ

In a weak electric field u 
 1 (U 
 U1
th ) we consider only the term

with n ¼ 0 in the expansion (A.4). The contribution of higher har-
monics is neglected, considering them relatively small. Substitution
of the explicit form of the function f ðn; sÞ ¼ f 0ðsÞ sinðpn=2Þ in the
condition (13) leads to the value

f 0ðsÞ ¼ gðsÞ þ wðsÞ þ ðcw0s � ~auþw0wÞ=w: ðA:6Þ
Substitution of (A.6) in the relation (A.5) for n ¼ 0 leads to the
equation

aw00 þ bw0 þ cw ¼ d ðA:7Þ
for the temporal dependence wðsÞ, which satisfies the initial
conditions

wð0Þ ¼ 0; w0sð0Þ ¼ ~au=c: ðA:8Þ
Note that the latter condition (A.8) follows from (13) as a conse-
quence of hðn; s ¼ 0Þ ¼ 0. The coefficients in (A.7) are

a ¼ 4c p2 þ ðp2 � 8Þðw� ~euÞ� �
;

b ¼ c p4ðw� ~euþ 1Þ þ 4p2 ð~eu�w� 1Þðu2 �w0=cÞ �wð~eu� 1Þ=c� 
��
�32 u2ð~eu�wÞ � ~euðwþw0Þ=cþww0

� 
�
;

c ¼ p4 ðwþw0Þð1� ~euÞ þww0ð Þ þ 4p2u2 ðwþw0Þð~eu� 1Þ �ww0ð Þ�
� 32u2 ~euðwþw0Þ �ww0ð Þ;

d ¼ ~au p4ðwþ 1� ~euÞ þ 4p2u2ð~eu� 1�wÞ � 32u2ð~euþwÞ� �
:

Found from the Eq. (A.7), the time dependence of the deviation
angle of the gliding easy axis at the surface z ¼ L takes the form:

wðsÞ ¼ k2d=c � ~au=c
k1 � k2

e�k1s � k1d=c � ~au=c
k1 � k2

e�k2s þ d
c
; ðA:9Þ

where k1 ¼ ðbþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac

p
Þ=ð2aÞ; k2 ¼ ðb�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac

p
Þ=ð2aÞ > 0. In

the approximation of c � 1 we have k1 � k2, since

k1 � b
2a 2þ O 1

c

� �� �
, k2 � c

b ¼ O 1
c

� �
. Accordingly, the dependence

wðsÞ (A.9) takes the form

wðsÞ � d
c

1� e�k2s
� 


: ðA:10Þ
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Substitution of wðsÞ (A.10) in (A.6) gives us the value of f 0ðsÞ and,
accordingly, the function f ðn; sÞ ¼ f 0ðsÞ sinðpn=2Þ. Next, using (A.1)
and taking into account the obtained values of f ðn; sÞ and wðsÞ
(A.10), we obtain the angle hðn; sÞ of deviation of the director in
the bulk.
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